DIRECT SUMS OF INDECOMPOSABLE INJECTIVE MODULES
D
If M is a nonsingular .R-module which is a sum of indecomposable injective submodules, then it is a direct sum of indecomposable injective submodules. The generalisation of this will be discussed. 
PROPOSITION 3 . Let M be an R-module which can be expressed in the form M = 52 Mi + Z(M), where the Mi's are indecomposable injective submodules of M.

Then there exists a subset J of I such that M = J2 ©M,-+ Z{M).
MiCMi + Z(M)
This is a contradiction. Hence, M = C. D Let A be any indecomposable injective .R-module and let B be any non-zero submodule of A. Then A is an injective envelope for B. In particular, B is essential in A. Hence, the residue class .R-module A/B is singular. This shows that the homomorphic image of an indecomposable injective .R-module A is either an indecomposable injective .R-module (which is isomorphic to A) or a singular .R-module. If R is a nonsingular ring, then the factor R-module M/Z{M) is nonsingular (see [3, Proposition 3.29] .) However, we cannot say in general that the factor il-module M/Z(M) is nonsingular.
Let R be a ring and let M be an .R-module. Since Z(M/Z(M)) is a submodule of the factor .R-module M/Z(M), it follows from the one-to-one correspondence theorem for modules that there exists a unique submodule G of M containing Z(M) such that
G/Z(M) = Z(M/Z(M)).
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700018475 [4] Then G is called the Goldie torsion submodule (or second singular submodule) of M and is denoted by Z 2 (M) (see [7] ).
We should mention three well known facts. The first is that
The second is that Z 2 (M)/Z(M) is the singular submodule of the factor ^-module M/Z(M). The third is that the factor .R-module M/Z 2 (M) is nonsingular. Clearly, 
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Further, by making a direct computation, we can see that
Therefore, it follows from (2) that
Here, notice that each A^ is nonsingular, because N/Z 2 (N) is nonsingular so that is nonsingular.
From (1) and (3) If an .R-module M satisfies (Ci), then it satisfies ( C n ) . For example, every injective .R-module satisfies (Ci) and hence it satisfies ( C n ) . In fact, let M be an injective .R-module and let K be any complement in M. Then there is a submodule 
Since P' is a direct summand of N', there is a submodule P " of JV' with N' = P'®P". Thus,
= (H © P © P ' © P " ) / ( P © P') S H © P". at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700018475
